Introduction {#Sec1}
============

There are many similarities between the ideas used in the proof of Riemannian comparison theorems (in particular Myers' theorem) and the singularity theorems in Lorentzian geometry. Both use curvature conditions to obtain that in some sense the maximal length of a geodesic without conjugate points is bounded: in the case of Myers' theorem, one assumes completeness and obtains a bound on the diameter of the manifold (as the distance between two points is given by the length of a minimizing geodesic, which can not have conjugate points) and in the case of, e.g., the Hawking singularity theorem, the assumptions together with geodesic completeness would imply compactness of a certain Cauchy horizon which then gives a contradiction. While there has been some interest in developing Lorentzian analogues to many results from Riemannian comparison geometry in general (see e.g. \[[@CR1], [@CR2], [@CR10]\]) this close connection to the singularity theorems was explored further by Treude and Grant in their recent paper \[[@CR25]\], where they use Riccati comparison techniques to prove area and volume monotonicity theorems in Lorentzian geometry (with respect to fixed Lorentzian warped product manifolds). These are then applied to give a new proof of the classical Hawking singularity theorem.

We will show that many of these results carry over to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$-metrics with appropriate curvature bounds and applying them to prove a version of Myers' theorem and Hawking's singularity theorem, respectively.

In general, for a (semi-)Riemannian metric, the class $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$ is the lowest differentiability class of the metric where one still has local existence and uniqueness of solutions of the geodesic equation. Also by Rademacher's theorem, all curvature terms still exist almost everywhere and are locally bounded, which allows the definition of curvature bounds in the following way. We say that the Ricci curvature tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$L^{\infty }(U)$$\end{document}$ (i.e., is non-negative almost everywhere). If *M* is Lorentzian, we say that the timelike Ricci curvature is bounded from below (by $\documentclass[12pt]{minimal}
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                \begin{document}$$-\kappa $$\end{document}$) if the above holds for any smooth, local timelike vector field. Clearly this coincides with the usual notion for smooth metrics.

As further motivation for studying metrics of this regularity, we give a brief overview about the specific situations in the Riemannian and the Lorentzian setting.

In Riemannian geometry there are ways to generalize curvature bounds to even lower regularity, however this requires---at first glance---very different definitions (see, e.g., \[[@CR16], [@CR24]\], where metric measure spaces with lower bounds on the Ricci curvature are studied). While these definitions are equivalent for smooth metrics this has not yet been shown for $\documentclass[12pt]{minimal}
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In Lorentzian geometry, there has recently been an increased interest and many advances in the understanding of low regularity spacetimes (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{2}$$\end{document}$-metrics, see \[[@CR7], [@CR12], [@CR13], [@CR18]\]), which allowed the proof of both the Hawking and the Penrose singularity theorem in this regularity (see \[[@CR14], [@CR15]\]), a problem that had been open for a long time (cf. \[[@CR22]\]). From the viewpoint of general relativity, the importance of this regularity is that it allows for a finite jump in the matter variables via the Einstein equations. It is also worth noting that many of the standard results fail dramatically when lowering the regularity further, for example it is shown in \[[@CR7]\] that for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (0,1)$$\end{document}$ there exist 'bubbling metrics' (of regularity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}^{0,\alpha }$$\end{document}$), whose lightcones have nonempty interior.

The plan of the paper is as follows. In Sect. [2](#Sec2){ref-type="sec"} we study Riemannian manifolds with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$-metrics with a lower bound on the Ricci curvature and show a $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$ version of the Bishop-Gromov volume comparison theorem for Riemannian manifolds with a lower bound on the Ricci curvature. This also serves as a preparation for the Lorentzian case as it requires significantly less technical details but the ideas remain largely the same. In section [3](#Sec3){ref-type="sec"} we first give the definition of the cosmological comparison condition (as introduced in \[[@CR25]\]) and a brief overview of relevant results from causality theory for $\documentclass[12pt]{minimal}
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**Theorem 1.1** {#FPar1}
---------------
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Finally, in Sect. [4](#Sec9){ref-type="sec"}, as applications we give a proof of a $\documentclass[12pt]{minimal}
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**Notation** {#FPar2}
------------

Throughout *M* will always be a connected, Hausdorff and second countable smooth manifold of dimension $\documentclass[12pt]{minimal}
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Volume comparison for Riemannian $\documentclass[12pt]{minimal}
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=============================================================================

The goal of this first section is to show a $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$ version of the Bishop-Gromov volume comparison theorem.

**Theorem 2.1** {#FPar3}
---------------
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                \begin{document}$$\left( M,g\right) $$\end{document}$ (with *g* smooth) is a complete Riemannian manifold with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {Ric}\ge (n-1)\kappa g$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa \in \mathbb {R}$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} r\mapsto \frac{\mathrm {vol}B_{p}(r)}{\mathrm {vol}_{\kappa }B^{\kappa }(r)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B^{\kappa }(r)$$\end{document}$ denotes any ball of radius *r* in the *n*-dimensional simply connected Riemannian manifold with constant sectional curvature equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa $$\end{document}$, is a nonincreasing function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,\infty )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {vol}B_{p}(r)\le \mathrm {vol}_{\kappa }B^{\kappa }(r)$$\end{document}$.

A proof of the classical result (for smooth metrics) can be found, e.g., in \[[@CR26], Cor. 3.3\]. The idea of the proof for $\documentclass[12pt]{minimal}
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**Lemma 2.2** {#FPar4}
-------------
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*Proof* {#FPar5}
-------

It is well known that one can construct smooth, symmetric $\documentclass[12pt]{minimal}
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The next lemma deals with the Ricci curvature estimate and its proof is largely analogous to the Lorentzian version shown in \[[@CR14], Lem. 3.2\] for $\documentclass[12pt]{minimal}
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**Lemma 2.3** {#FPar6}
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-------
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These preparations now enable us to show:

**Theorem 2.4** {#FPar8}
---------------
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*Proof* {#FPar9}
-------
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The Lorentzian case {#Sec3}
===================

In this section the goal is to use volume comparison results (as developed in \[[@CR25]\]) for smooth, globally hyperbolic spacetimes *M* with timelike Ricci curvature bounded from below and containing a spacelike hypersurface $\documentclass[12pt]{minimal}
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However, there are some additional difficulties (compared to the Riemannian result from the previous section) arising due to the metric being Lorentzian: First, one has to be more careful when choosing approximating metrics and simple convolution is no longer sufficient since it need not preserve the causal structure. Here the pioneering work was done by Chruściel and Grant in \[[@CR7]\], and from there on causality theory for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$ metrics has been developed (see, e.g., \[[@CR13], [@CR14], [@CR18]\]). Additionally, the concept of global hyperbolicity for continuous metrics has recently been explored in \[[@CR21]\]. This will be helpful in establishing certain results from causality theory for globally hyperbolic spacetimes with a $\documentclass[12pt]{minimal}
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Second, while there is no assumption of (geodesic) completeness needed for the smooth result, an assumption on the minimal time of existence of geodesics starting orthogonally to the hypersurface with unit speed has to be made to ensure that everything plays out in relatively compact sets.

Third, showing that the volumes of the balls in the approximating metrics actually converge to the volumes in the $\documentclass[12pt]{minimal}
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Basic definitions and results {#Sec4}
-----------------------------

Throughout this section *M* will always be a Lorentzian manifold with a time orientation. While we will generally assume $\documentclass[12pt]{minimal}
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As in, e.g., \[[@CR3], [@CR6]\] we define causal (timelike) curves to be locally Lipschitz continuous maps $\documentclass[12pt]{minimal}
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We will mainly work with globally hyperbolic manifolds and as for smooth metrics one may use any of the following equivalent properties as definition.

### **Proposition 3.1** {#FPar10}
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### *Proof* {#FPar11}

In \[[@CR21]\], it was shown that these are equivalent even for continuous metrics, if one replaces causality with the slightly stronger assumption of $\documentclass[12pt]{minimal}
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### *Remark 3.2* {#FPar12}

The previous proof also shows that for $\documentclass[12pt]{minimal}
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### **Definition 3.3** {#FPar13}
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If *M* is globally hyperbolic with a continuous metric then any two causally related points can be connected by a maximizing curve \[[@CR21], Prop. 6.4\], hence the supremum in definition (3.1) is attained, so $\documentclass[12pt]{minimal}
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### **Definition 3.4** {#FPar14}

(Future causally complete) A subset $\documentclass[12pt]{minimal}
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### *Remark 3.5* {#FPar15}

In a globally hyperbolic manifold the sets $\documentclass[12pt]{minimal}
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As a preparation for Prop. [3.7](#FPar18){ref-type="sec"} we prove the following limit-curve lemma (that will also be needed again later on), which is a slight modification of Thm. 1.5 in \[[@CR21]\] (which is in turn based on \[[@CR17]\]):

### **Lemma 3.6** {#FPar16}
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### *Proof* {#FPar17}

By \[[@CR21], Lem. 2.7\] we get an upper bound on the Lipschitz constants of the $\documentclass[12pt]{minimal}
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For an acausal, spacelike FCC hypersurface in a globally hyperbolic manifold the following holds (which is shown largely analogous to the smooth case (\[[@CR25], Thm. 2\]), only using Lemma [3.6](#FPar16){ref-type="sec"} instead of other limit curve results, we nevertheless include a complete proof):

### **Proposition 3.7** {#FPar18}
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### *Remark 3.10* {#FPar22}

Following \[[@CR20]\] our sign conventions regarding the mean curvature are as follows: Let $\documentclass[12pt]{minimal}
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Note that even though basically all of the upcoming results (except for the $\documentclass[12pt]{minimal}
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Construction and properties of the approximating metrics {#Sec5}
--------------------------------------------------------

We need to establish some properties of suitable approximations for a $\documentclass[12pt]{minimal}
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Now we show that we may additionally demand the following:

### **Lemma 3.12** {#FPar24}
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We need two further properties of this approximations.

### **Proposition 3.16** {#FPar31}
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### *Proof* {#FPar32}
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### **Lemma 3.18** {#FPar34}
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### *Proof* {#FPar35}

By definition of the unit normal bundles $\documentclass[12pt]{minimal}
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As a further preparation we will now show that for an acausal, spacelike, FCC hypersurface $\documentclass[12pt]{minimal}
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### **Definition 3.19** {#FPar36}
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We first show measurability of the cut function.

### **Lemma 3.20** {#FPar37}

(Measurability of the cut function) The cut function is measurable with respect to the completion $\documentclass[12pt]{minimal}
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### *Proof* {#FPar38}
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### *Remark 3.21* {#FPar39}
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Using these definitions and Lemma [3.24](#FPar43){ref-type="sec"} we show:

### **Corollary 3.26** {#FPar45}
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### *Proof* {#FPar46}
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### *Remark 3.27* {#FPar47}
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Volume comparison {#Sec8}
-----------------

We first need to show area and volume comparison statements for the approximating metrics and to do so we need to define future spheres that avoid the cut locus.

### **Definition 3.28** {#FPar48}
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Using results from \[[@CR25]\] we are now able to prove area and volume comparison statements for the approximating metrics.

### **Proposition 3.29** {#FPar49}
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### *Proof* {#FPar50}
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### *Proof* {#FPar54}
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We are now ready to prove Theorem [1.1](#FPar1){ref-type="sec"}.

### *Proof of Theorem 1.1* {#FPar55}
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We will use the volume comparison result Theorem [2.4](#FPar8){ref-type="sec"} to give a proof of Myers' theorem for $\documentclass[12pt]{minimal}
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This result is not very surprising since it is known that there are generalizations of Myers' theorem even for metric measure spaces (see Cor. 2.6 in \[[@CR24]\]). However, these do not immediately imply Theorem [4.1](#FPar56){ref-type="sec"} above, because for metric measure spaces the needed curvature bound is (by necessity) defined in a different manner from $\documentclass[12pt]{minimal}
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We first show a general result concerning geodesic incompleteness of globally hyperbolic manifolds.

### **Theorem 4.2** {#FPar58}
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### *Proof* {#FPar62}
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Second, while the proof of Theorem [1.1](#FPar1){ref-type="sec"} again relies on approximation arguments, the volume comparison result itself now provides a tool which works directly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$ and allows us to prove other important results (e.g., Theorem [4.2](#FPar58){ref-type="sec"} and Theorem [4.5](#FPar63){ref-type="sec"}) without returning to the smooth case.

And, perhaps most importantly, the volume comparison Theorem [1.1](#FPar1){ref-type="sec"} itself is of considerable interest: As already pointed out by the authors of \[[@CR25]\], their results are remarkably close to the corresponding Riemannian ones and thus might lend themselves to generalizations of curvature bounds to even lower regularity, a hope that may be strengthened by the $\documentclass[12pt]{minimal}
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Some results from measure theory {#Sec12}
================================

To show the measurability of the cut function in Lemma [3.20](#FPar37){ref-type="sec"} we need some tools from measure theory, the main one being the measurable projection theorem (see \[[@CR5], Thm. III.23\]:

**Theorem A.1** {#FPar64}
---------------
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This statement uses the following definitions (see \[[@CR5], Def. III.17 and III.21\]):

**Definition A.2** {#FPar65}
------------------

(*Suslin and polish spaces*) A Suslin space is a Hausdorff topological space that is the continuous image of a Polish space. A Polish space is a separable completely metrizable topological space.

*Example A.3* {#FPar66}
-------------
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**Definition A.4** {#FPar67}
------------------
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*Remark A.5* {#FPar68}
------------
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This allows us to show the following:

**Proposition A.6** {#FPar69}
-------------------
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*Proof* {#FPar70}
-------

It clearly suffices to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\{ \omega :\, f^{*}(\omega )>r\right\} \in \hat{\mathcal {A}}$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\in \mathbb {R}$$\end{document}$. This follows immediately from$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \omega :\, f^{*}(\omega )>r\right\} =\mathrm {pr}_{\Omega }\left( \mathrm {graph}(F)\cap \left\{ (\omega ,s):\, f(\omega ,s)>r\right\} \right) , \end{aligned}$$\end{document}$$measurability of *f*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {graph}(F)\in \mathcal {A}\otimes \mathcal {B}(S)$$\end{document}$ and the measurable projection theorem [A.1](#FPar64){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Another statement we need concerns itself with the measurability of the graph of a measurable function (and can, e.g., be found in \[[@CR23], Prop. 3.1.21\])

**Proposition A.7** {#FPar71}
-------------------
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*Proof* {#FPar72}
-------
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Finally, we will state a result concerning images of sets of measure zero under Lipschitz continuous functions on $\documentclass[12pt]{minimal}
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Note that the future convergence in \[[@CR14]\] is the negative of the mean curvature and hence it is bounded from below in the assumptions of \[[@CR14]\], Thm. 1.1\].
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